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Influence of external information in the minority game

M. A. R. de Cara* and F. Guinea
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The influence of a fixed number of agents with the same fixed behavior on the dynamics of the minority
game is studied. Alternatively, the system studied can be considered the minority game with a change in the
comfort threshold away from half filling. Agents in the frustrated, nonergodic phase tend to overreact to the
information provided by the fixed agents, leading not only to large fluctuations, but to deviations of the average
occupancies from their optimal values. Agents that discount their impact on the market, or that use individual
strategies reach equilibrium states, which, unlike in the absence of the external information provided by the
fixed agents, do not give the highest payoff to the collective.
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I. INTRODUCTION

The minority game has become an extensively u
model of some aspects of financial markets@1#. It shows that
complex behavior can arise from relatively simple ma
ematical rules, used to define a system of interacting age
In addition, it is amenable to analytical treatment@2# and
shows the usefulness of the methods of statistical physics
the study of problems of interest in economics, sociology
biology @3#. The model has been extensively analyzed, an
shows a phase transition between an ergodic phase, w
the agents reach a well defined stationary state, and a no
godic phase, where the evolution is strongly dependen
the initial conditions@4#. The ergodic phase can be well cha
acterized by means of the replica formalism, well known
studies of systems with quenched disorder. The disorde
the minority game arises from random differences betw
the agents, associated with the strategies at their disposa~see
below!. There is no similar degree of understanding of t
behavior of the agents in the nonergodic phase, where f
tration and herding effects play a major role in determin
the long time evolution. Relatively simple modifications
the rules of the game change the results significantly, for
parameter range where the ergodic phase occurs. T
changes can modify, or even suppress, herding behavior
can mention, among other variations, evolution ba
schemes, which allow for the use of the opposite outco
predicted by the ‘‘best’’ strategy@5#, agents that discount th
effect of their own choices on the market@6#, or agents that
use individual, instead of global, information@7#. The case
where agents discount their impact on the market can
studied analytically, and it can be shown that the dynam
lead to a stationary state with small volatility, and whi
optimizes the benefits to the collective@6,8,9#. It is known
that, for the nonergodic phase in the standard version of
minority game, the available information is arbitraged aw
making the difference between the actual histories and
dom data irrelevant@10#. On the other hand, the outcome
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the game shows a significant dependence on the initial
in the scores of the strategies, when this bias is allowed
have a finite value@11#.

In the present work, we will analyze further how the e
ternal information is processed in the nonergodic phase.
that purpose, we will assume that a given number of age
always make the same choice, inducing a bias in the o
come. The predictable behavior of these fixed agents ca
considered as an external information source which can
processed by the remaining active agents. If the active ag
were playing at random, the minority group would tend to
the one not preferred by the fixed agents. This situation c
responds to having a given number of correlated produc
in the generalization of the minority game described in@8,9#.
Alternatively, we can consider that the ‘‘comfort threshold
for the active agents has been shifted away from half fill
by the presence of the agents with fixed choices. This si
tion was already considered in the initial version of the m
nority game@12#, and it has been further studied in@13#. An
extension of the analytical results for the standard mino
game to a situation where the ‘‘comfort threshold’’ has be
shifted can be found in@14#. A situation where all strategie
used by the agents are biased toward a given outcom
discussed in@15#. A related situation is that in which som
agents prefer to be in the majority, considered in@16#. The
existence of these ‘‘trend followers,’’ however, is not
source of information for the other agents.

The models studied will be more precisely defined in t
following section. We present the main results in Sec.
Finally, Sec. IV summarizes the conclusions, and compa
the results with related work.

II. THE MODELS

We study the minority game defined in the usual wa
There areN agents which uses strategies each, assigne
initially at random. These strategies associate a given bin
outcome to a series ofm binary numbers, which represent th
history of the game in the previousm time steps. The numbe
of possible strategies is 22m

. The goal of the agents is to
choose the minority group, that is, the one chosen by
than half of the agents,N/2. There is a given number o
agentsNf which always make the same choice, 1. Hence,
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number of ‘‘active’’ agents isN2Nf . The maximum number
of active agents which can win at a given time is, obvious
N/2, whenN/22Nf active agents make the choice 1, and t
remainingN/2 choose 0. The game becomes trivial ifNf
>N/2, as all the active agents will profit from making th
choice 0. Note that in the standard version of the mino
game there will be, on the average, a fraction 22s of agents
unable to make this choice, as the strategies availabl
them lead only to choice 1. The results to be discussed
averages over the possible distributions of strategies am
agents.

We study three versions of the model, which differ in t
way the score of the strategies available to the agents
updated, or in the information processed by the agents.

~i! The standard minority game, as defined in@1#. Each
agent updates the score of the strategies available to i
cording to whether the predicted outcome was succes
~one point is added to the score! or unsuccessful~zero points
are added!.

~ii ! The individual minority game, as defined in@7#. The
input used by each agent in order to decide the outco
predicted by a given strategy is the succession of events
it has experienced. A given~individual! history thus corre-
sponds to the series of choices made by the agent.

~iii ! The minority game where agents discount the imp
of the strategy which they have used on the global re
@2,6,8#. In order to take the impact into account, the score
the strategies is updated considering what would have h
pened if the agent had taken the opposite decision, and
wards the strategy used. For that purpose, we follow
linear payoff introduced in Ref.@2#, which considers an in-
crease in the score of each strategys of agenti in time t of
D52as,i(t)A(t)/P1hds,si (t)

/P; as,i is the prediction of

strategys ~in terms of$21,1%), A(t)5N1(t)2N0(t), andh
is the reward for the strategy played. In the following we u
h50.5.

In all three cases, the total number of agents isN, which is
taken to be an odd number. Then the number of winn
cannot exceed (N21)/2. The fixed agents can also be on t
winning side, and the same bound also applies to the win
among the active agents. In all three cases, the distributio
strategies among the active agents is completely rand
with no particular correlation among the strategies at the
posal of each agent. The initial score of the strategies is s
zero, and thus thes strategies assigned to each agent
equally good.

As mentioned in the Introduction, the existence ofNf
players which always make the same choice is equivalen
a minority game with no fixed players, but where the ‘‘com
fort’’ threshold has been shifted. We can assume that th
are onlyN2Nf agents, but that the winning outcome is
when the number of agents that make that choice is less
N/2, which, in this case, is greater than one-half of the nu
ber of agents.

III. RESULTS

A. The phase transition

The analytical study of the minority game@2# allows us to
determine the existence and location of the transition
06610
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tween the ergodic and nonergodic phases as a function o
number of fixed agents,Nf . Following Ref. @8#, the fixed
agents considered here play the role of ‘‘producers.’’ The
producers have only one strategy, which, in our case, is
same for all of them, and it gives the same decision for e
possible history, so that, in the notation in@8#, they are maxi-
mally correlated. The analytical results obtained there, va
in the ‘‘thermodynamic’’ limit when the numbers of agen
and available strategies are large, describe how the ph
transition between the symmetric and asymmetric phases
pends on the fraction of effective producers, which can
written asr'Nf

2/N. This number is large,r@1, which al-
lows us to expand the implicit expression for the critic
value ofr given in the Appendix in@8#. We find that, at the
transition,

Nf* '
N

2m/2Ap
~1!

when the number of strategies per agent iss52. When the
number of fixed agentsNf.Nf* , the game is in the ergodic
phase. The expression in Eq.~1! ceases to be valid when th
assumptionr@1 fails, that is, forNf* !AN.

WhenNf50 ands52, there is a phase transition forN
5N* '2m/0.3374. Results for different quantities and f
the three versions of the minority game described in the p
vious section are shown in Fig. 1. The number of agent
1001. All quantities displayed have been calculated by av
aging over 100 series of 30032m time steps, after the system
has achieved a stationary state, each series correspondi
a different initial distribution of strategies among the acti
agents.

In the ergodic phase the discount of the market imp
ceases to be relevant, and the volatility displayed in Fig.
the same for cases~i! and ~iii ! defined in the previous sec
tion. The valueNf* at which this transition takes place is we
described by Eq.~1!. Similar results are obtained for othe
values of the number of strategies assigned to each agen
shown in Fig. 2. The transition is shifted toward higher v
ues ofNf as we increase the number of strategiess available
to each agent, and the tendency for the agents to overrea
the information provided by the fixed agents in the stand
version of the game and in the nonergodic phase is m
pronounced~see^N0& in Figs. 1 and 2!.

The fluctuations in the size of the minority group are r
duced by the presence of fixed agents, in qualitative ag
ment with @15#. The fraction of winners among the activ
agents is constant, within our numerical accuracy, in the n
ergodic phase, and then it increases significantly as one
ters the ergodic phase. The increase is also in agreement
the results in@15#, where the efficiency of the game wa
increased with a biased pool of strategies. The initial plat
of the fraction of winners among the active players a
agrees qualitatively with the slow rise found in@15#.

The transition from the nonergodic~symmetric! phase to
the ergodic~asymmetric! phase, as function of the memor
of the agents,m, is shown in Fig. 3. For comparison, we als
show the transition line obtained using the analytical cal
lation in @8#.
8-2
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INFLUENCE OF EXTERNAL INFORMATION IN THE . . . PHYSICAL REVIEW E 68, 066108 ~2003!
When the number of fixed agents is sufficiently large,
number of winners is equal to the number of agents wh
make choice 0, that is, which avoid the group chosen by
fixed agents. In addition, the dynamics converges to a
tionary state where all agents which have the appropr
strategies available make choice 0. There is only one his
describing the winning choice in this regim
. . . 00000 . . . . Onaverage, there is a fraction 22m of active
agents which cannot make use of the winning strateg
. . . 00000 . . .→0. Thus, the average number of acti
agents which make the correct choice, 0, isN05(1222m)
3(N2Nf). This situation is stable if theN0 agents are in-
deed in the minority group, that is, ifN0,N/2, which im-
plies

Nf.
2m2121

2m21
N. ~2!

This inequality gives the threshold for the trivial dynami
when the number of fixed agents is sufficiently large, de
into the ergodic phase@17#.

B. The nonergodic phase: ‘‘Overscreening’’ effects

Inside the nonergodic phase,Nf,Nf* , where the value of
Nf* is given in Eq.~1!, the number of agents making th
opposite choice of that of the fixed agents,N0, is such that

FIG. 1. Results for different quantities in the three versions
the minority game discussed in the text, as functions of the num
of agents which make the fixed choice 1. The total number of ag
is 1001. The number of strategies per agent iss52. Right column:
m52. Left column:m54. Stars: standard minority game. Squar
Individual minority game. Solid circles: Minority game where th
impact of the strategy used is taken into account. Top: aver
number of agents which make choice 0. Middle: average numbe
winners. Bottom: dispersion in the value of the number of age
which make choice 0.
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N0>N/2 in the nonergodic phase, when the number of fix
agents is not zero~see Fig. 6 below!. This choice makes the
outcome highly unfavorable for the collective of activ
agents as the number of agents which can win cannot ex
N/2.

The benefits of the collective in the nonergodic phase
crease greatly when the agents are able to discount the
pact of the strategies on the outcome, or use their own in
vidual histories. Note that when agents discount the imp

f
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:

e
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FIG. 2. As in Fig. 1, but fors54. Note the different scale use
for the vertical axes.

FIG. 3. Transition between the ergodic and the nonergo
phases as a function of the agents’ memorym and s52. Circles:
numerical results. Full line:Nf /N51/ApP, using the analysis in
@8,14#.
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M. A. R. de CARA AND F. GUINEA PHYSICAL REVIEW E68, 066108 ~2003!
of the strategies, the score of a given strategy is not the s
for all agents, making the situation somewhat similar to t
in the individual minority game. In both variations of th
standard minority game the number of winning agents,Nw ,
is about half the number of active agents,Nw'(N2Nf)/2.
This is below the maximum number of possible winne
which is N/2, provided thatNf,N/2.

The most striking result is that, in the standard version
the minority game, the number of active agents which m
choice 0 is larger than its optimal value in the nonergo
phase. This choice is the opposite of the choice made by
fixed agents. Thus, the active agents perceive the exist
of the fixed agents, but there is a herding effect which
duces them to make the opposite choice in numbers ab
the appropriate comfort level. In the language of a rand
spin model@18#, the active agents ‘‘overscreen’’ the extern
field induced by the fixed agents.

C. The nonergodic phase: Dynamics

We have analyzed the ‘‘overscreening’’ of the informati
provided by the fixed agents in the standard minority ga
by studying individual time series in the nonergodic pha
Results are shown in Fig. 4, for a memory of two time ste
m52, ands52 ands56 strategies per active agent. Th
time series show well defined cycles with periodicity grea
than the time horizon available to the agents, who are un
to make use of this information, as in the standard mino
game without fixed agents@19#. These cycles are sometime
interrupted by strong deviations whens56. The origin of
these spikes is unclear, although it is consistent with the
hancement of herding effects as the value ofs increases.

FIG. 4. Number of agents which make choice 0~the opposite to
that made by the fixed agents! as a function of time, for a given
initial distribution of strategies, and different number of strategi
s, per agent. The total number of agents isN51001, the memory is
m52, and the number of fixed agents isNf550. Solid line: s
52. Broken line:s56.
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For the casem52 the typical cycle spans eight tim
steps, where the winning choice follows the ser
. . . 11100010 . . . . We canunderstand this cycle by assum
ing that there are two strategies with the highest score be
used by the agents. These strategies are mutually oppo
They can be considered as representative of broad class
strategies with similar outcomes@21#. We further assume tha
the score of these strategies can either differ by one unit~the
minimum amount! or be equal, in which case the strateg
used is decided by a coin toss. Then,~i! at the beginning of
the cycle the history processed by the agents is 11. We
sume that the strategy with the highest score predicts
→0. The majority of active agents follows this strategy
that the winning choice is 1. The score of this strategy a
that of its opposite, 11→1 becomes equal.~ii ! The history
processed by the agents remains 11. The active agents t
random decision, and the majority group is determined
the fixed agents. The winning choice is 0, and the strat
11→0 becomes again the one with the highest score.~iii ! We
now assume that the strategies predicting the two oppo
outcomes after the history 10 have equal score. The ac
agents make a random decision, and the outcome is d
mined by the choice of the fixed agents. The winning cho
is 0, and the scores are updated accordingly.~iv! We assume
again that the strategies 00→0 and 00→1 have the same
score. The winning choice is 0, and the scores are upda
~v! The active agents use the history 00 and take choic
The winning choice becomes 1, and the two strategies
→0 and 00→1 have again the same score.~vi! The history
is 01. If the strategies predicting the two possible outcom
have the same score, the winning choice will be 0.~vii ! The
history now is 10. The strategy with the highest score is
→0, as fixed in step~iii !. The winning choice is 1.~viii ! The
history is 01. The strategy with the highest score is 01→0,
as fixed in step~vi!. The winning choice is 1, and the cycl
repeats itself. This succession of events is schematic
shown in Table I.

The influence of the fixed agents is to determine the o
come in cases where two strategies which lead to oppo
choices have the same score. The existence of these s
tions in the standard minority game leads to a rich struct
in the size of the groups@22#, and to Gaussian fluctuation
around the average values, due to the randomness in
outcomes. This randomness disappears in the presenc

,

TABLE I. Histories and strategies that lead to the cycle sho
in Fig. 4.

History Strategy with the Winning choice
highest score

11 11→0 1
11 tie 0
10 tie 0
00 tie 0
00 00→0 1
01 tie 0
10 10→0 1
01 01→0 1
8-4
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INFLUENCE OF EXTERNAL INFORMATION IN THE . . . PHYSICAL REVIEW E 68, 066108 ~2003!
fixed agents. When two opposite strategies have the s
score, around half of the active agents make one choice
the other half makes the opposite choice. The existenc
fixed agents determines the majority group, which is t
chosen by the fixed agents. Then, the active agents ha
strong bias toward the opposite group the next time that
same history presents itself. This tendency leads to the o
screening of the information provided by the fixed agents
the number of time steps in the history processed by
agents ism, the cycle is usually of 2m11 steps. These cycle
appear in the nonergodic phase, where a majority of ac
agents are able to distinguish the ‘‘best’’ strategies. The t
dency toward overscreening increases with the numbers of
strategies available to the agents.

The information available to the agents in the series
Fig. 4 vanishes because the outcome after a given histo
totally unpredictable. Then, as we are using a binary pay
the difference between the scores of thes strategies of each
agent averages to zero. This can be seen in Fig. 6 be
where we show howu @u25(1/2m)(m^(2c21)um&2; c is
the minority group in each time step#, which indicates that
the amount of information on the time series is zero in
nonergodic phase.

D. Influence of the payoff function

It is interesting to study the changes in the nonergo
phase when the payoff function used in updating the scor
the strategies is proportional to the deviation from the o
mal occupancy, instead of a step function, as commonly u
when analytical methods are applied to the minority ga
@2#. In this case, the condition that there is no informati
available to the agents implies that the average payoff
each strategy is zero. In order for this to happen,^N0&
5N/2 should be satisfied. Hence, the tendency toward o
screening in the ergodic phase described above does not
to deviations of^N0& from its ‘‘natural’’ value. There is,
however, a significant asymmetry in the distributionP(N0),
as shown in Fig. 5. There is a range of values ofN0 nearN/2
for which P(N0) is biased towardN0.N/2, as in the minor-
ity game with a binary payoff. This effect is compensated
the inverse asymmetry ofP(N0) when N0'0 or N0'N.
Note that, for the standard situation with no fixed agents,
distribution P(N0) is significantly different from that in the
minority game with a binary payoff@22#.

E. Random versus actual histories

We have studied the changes induced by replacing
actual histories by random variables in the standard ver
of the minority game, as initially discussed in@10#. The re-
sults are shown in Fig. 6. We plot there a number of sta
tical averages which serve to characterize the minority ga
like the fraction of ‘‘frozen agents,’’ which although in prin
ciple active settle to use only one strategy at long times,f,
and the information stored in the history of the game@2#, u2,
which is the bias toward one of the two outcomes of
game when a given history appears on the time series@20#. In
the nonergodic phase, the agents are not able to disting
between the actual histories and a succession of ran
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events, as in the minority game without bias@10#. In the
ergodic phase, however, the information provided by
fixed agents becomes relevant, and there is a difference
tween the actual game and that generated by a successi
random events.

The cycles shown in Fig. 4 are due to the sequential s
stitution of the strategy with the highest score by its oppos
Hence, a random succession of histories can give rise to
same overscreening. Thus, the results in the nonerg
phase do not change when the histories are random varia
as shown in Fig. 6. The situation changes in the ergo
phase. When the histories processed by the agents are
dom but the winning choice is constant in time, 0, the sc
of each strategy will depend only on how often it contains
as an output. If the number of strategies at play is small
the ergodic phase, the strategies with the highest score
contain a significant number of 1’s as outputs. Then
agents will become frozen, and make, with similar probab
ity, the two possible choices. This explains the results in
first row and right columns~high values ofm) in Fig. 6,
where about half of the active agents make the right cho
0, and the other half choose 1, when the histories are
dom. As shown in the third row, most agents in this regim
are frozen and the information in the dynamically genera
histories is maximal@2# ~fourth row in Fig. 6!. This situation,
where a significant number of active agents become froz
is more difficult to achieve when the histories are dynam
cally generated by the agents themselves.

Finally, while the dynamics of the standard minority gam
in the nonergodic phase imply frequent situations wh

FIG. 5. Distribution P(N0) for the minority game with two
strategies per agent. The results are averaged over 100 initial d
butions of strategies. The total number of agents isN51001.Nf is
the number of fixed agents. Top: linear payoff. Left:m52 andNf

50. Center left:m54 and Nf50. Center right:m52 and Nf

560. Right: m54 and Nf560. Bottom: binary payoff. Left:m
52 andNf50. Center left:m54 andNf50. Center right:m52
andNf560. Right:m54 andNf560.
8-5
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M. A. R. de CARA AND F. GUINEA PHYSICAL REVIEW E68, 066108 ~2003!
agents make choices using a coin toss~see Table I!, the ac-
tual outcome of the game is fixed. Hence, we do not exp
that this nondeterministic aspect of the dynamics will pla
significant role@23#.

IV. CONCLUSIONS

We have studied the minority game when a given num
of agents always make the same choice. Hence, from
point of view of the remaining, active, agents, the predicta
behavior of the fixed agents can be considered a sourc
external information. We have analyzed the standard vers
the variant where agents use individual information, and t
in which agents are able to discount the effect of their acti
on the outcome.

The system shows a variety of interesting results in
nonergodic phase, where the ability of the agents to proc
the information available to them is highest.

~i! In the standard minority game, the active agents te
to overscreen the information provided by the fixed age
leading to disastrous effects for the collective~we are using
the analogy with spin models, where the external informat
can be viewed as an applied field, to be screened by
dynamical spins which represent the agents!. The number of
agents in the minority group not only shows a large disp
sion, as in the symmetric minority game, but its average

FIG. 6. Comparison of results for the standard minority ga
with fixed agents obtained with the histories generated by the
namics of the game~crosses! and random histories~squares!. First
row: Average number of agents which make the choice opposit
that of the fixed agentŝN0&. Second row: dispersion inN0. Third
row: fraction of frozen agents. Fourth row: information stored in t
dynamics~see@2#!. The number of fixed agents,Nf , is represented
in the horizontal axes. The number of strategies available to
agents iss52. Different columns correspond to different histo
lengths,m52,4,6,8,10. The results are calculated for a total ofN
51001 agents, averaged over 100 initial distributions of strate
and 30032m time steps.
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far from the optimal value. Assuming that there areN agents,
of which Nf always make the same choice, 1, we find th
the average of the number of active agents which make
choice 0 is ^N0&.N/2, while the optimal value iŝ N0&
'N/2.

~ii ! The overscreening of the external information can
understood through the existence of cycles longer than
amount of time steps which the agents are able to proc
The presence of the fixed agents determines the outcom
the situations when opposite strategies have the same s
This, in turn, leads to a strong bias of the active agents
ward the group not chosen by the fixed agents. This b
proves catastrophic for the global benefit of the act
agents.

~iii ! The gain made by the collective of active agents
the nonergodic phase is significantly improved when
agents use individual information, or are able to discount
effect of their own choices on the global outcome. The d
persion in the number of agents in the minority group
greatly reduced. The average number of winners,Nw , how-
ever, fluctuates around half the number of active age
^Nw&'(N2Nf)/2, while the maximum number of possibl
winners isN/2, for Nf,N/2.

~iv! The results for the nonergodic phase are qualitativ
the same when agents use individual information, and for
case where agents discount the effect of their strategie
the outcome. This is probably due to the fact that, in b
cases, the score assigned to a given strategy is differen
different agents.

These features imply that the existence of an external
in the nonergodic phase of different versions of the minor
game significantly reduces the global benefit of the age
with respect to the maximum possible value, which increa
as external information is fed into the system.

The situation where the agents achieve the highest co
tive payoff, with respect to the maximum payoff which ca
be achieved takes place when the number of fixed ag
vanishes. This fact is not contradictory with an increase
the efficiency of the game in absolute terms@15#, as the
opportunities for a given active agent are significantly
creased by the presence of fixed agents.

On the other hand, the predictability of the outcome,
the nonergodic phase, is zero, as any outcome is pos
after a given history@14#, despite the fact that the agents fa
to guess the correct ‘‘comfort’’ threshold.

We have not considered here the influence of varying
initial scores of the strategies, which is expected to cha
the volatility in the nonergodic phase@6,11#. The fact that the
active agents are unable to remove the external informa
in the ergodic phase is in agreement with the results in@14#.
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