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Influence of external information in the minority game
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The influence of a fixed number of agents with the same fixed behavior on the dynamics of the minority
game is studied. Alternatively, the system studied can be considered the minority game with a change in the
comfort threshold away from half filling. Agents in the frustrated, nonergodic phase tend to overreact to the
information provided by the fixed agents, leading not only to large fluctuations, but to deviations of the average
occupancies from their optimal values. Agents that discount their impact on the market, or that use individual
strategies reach equilibrium states, which, unlike in the absence of the external information provided by the
fixed agents, do not give the highest payoff to the collective.
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[. INTRODUCTION the game shows a significant dependence on the initial bias
in the scores of the strategies, when this bias is allowed to
The minority game has become an extensively usedave a finite valu¢11].
model of some aspects of financial markitk It shows that In the present work, we will analyze further how the ex-
Comp|ex behavior can arise from re|ative|y Simp|e math_ternaj information is processed in the nonergodic phase. For
ematical rules, used to define a system of interacting agenttat purpose, we will assume that a given number of agents
In addition, it is amenable to analytical treatmd@i and  always make the same choice, inducing a bias in the out-
shows the usefulness of the methods of statistical physics fdgiome. The predictable behavior of these fixed agents can be
the study of problems of interest in economics, sociology, o€onsidered as an external information source which can be
biology [3]. The model has been extensively analyzed, and iProcessed by the remaining active agents. If the active agents
shows a phase transition between an ergodic phase, whefre playing at random, the minority group would tend to be
the agents reach a well defined stationary state, and a nondhe one not preferred by the fixed agents. This situation cor-
godic phase, where the evolution is strongly dependent ofesponds to having a given number of correlated producers,
the initial conditiong4]. The ergodic phase can be well char- in the generalization of the minority game describe{i9)].
acterized by means of the replica formalism, well known inAlternatively, we can consider that the “comfort threshold”
studies of systems with quenched disorder. The disorder iffr the active agents has been shifted away from half filling
the minority game arises from random differences betweeRY the presence of the agents with fixed choices. This situa-
the agents, associated with the Strategies at their dlSW' tion was already considered in the initial version of the mi-
below). There is no similar degree of understanding of thenority game[12], and it has been further studied[ib3]. An
behavior of the agents in the nonergodic phase, where frugxtension of the analytical results for the standard minority
tration and herding effects play a major role in determiningg@me to a situation where the “comfort threshold” has been
the long time evolution. Relatively simple modifications of shifted can be found ifil4]. A situation where all strategies
the rules of the game change the results significantly, for thesed by the agents are biased toward a given outcome is
parameter range where the ergodic phase occurs. Thegécussed if15]. A related situation is that in which some
changes can modify, or even suppress, herding behavior. Wagents prefer to be in the majority, considered 16]. The
can mention, among other variations, evolution base@Xistence of these “trend followers,” however, is not a
schemes, which allow for the use of the opposite outcom&ource of information for the other agents.
predicted by the “best” strateg}s], agents that discount the The models studied will be more precisely defined in the
effect of their own choices on the marK@&, or agents that following section. We present the main results in Sec. Il
use individual, instead of global, informatidi]. The case Finally, Sec. IV summarizes the conclusions, and compares
where agents discount their impact on the market can bhe results with related work.
studied analytically, and it can be shown that the dynamics
lead to a stationary state with small volatility, and which Il. THE MODELS
optimizes the benefits to the collecti{,8,9. It is known o ) )
that, for the nonergodic phase in the standard version of the We study the minority game defined in the usual way.
minority game, the available information is arbitraged away,There areN agents which use strategies each, assigned
making the difference between the actual histories and raribitially at random. These strategies associate a given binary
dom data irrelevanil0]. On the other hand, the outcome of outcome to a series afi binary numbers, which represent the
history of the game in the previoustime steps. The number
of possible strategies is22. The goal of the agents is to
*Present address: Adaptive Dynamics Network, International Inchoose the minority group, that is, the one chosen by less
stitute for Applied Systems Analysis, Schlossplatz 1, A-2361 Lax-than half of the agentd\N/2. There is a given number of
enburg, Austria. agentd\; which always make the same choice, 1. Hence, the
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number of “active” agents i?N—N; . The maximum number tween the ergodic and nonergodic phases as a function of the
of active agents which can win at a given time is, obviously,number of fixed agentd\;. Following Ref.[8], the fixed

N/2, whenN/2—N; active agents make the choice 1, and theagents considered here play the role of “producers.” These
remainingN/2 choose 0. The game becomes trivialNf  producers have only one strategy, which, in our case, is the
=N/2, as all the active agents will profit from making the same for all of them, and it gives the same decision for each
choice 0. Note that in the standard version of the minoritypossible history, so that, in the notation[8l, they are maxi-
game there will be, on the average, a fractior? 2f agents  mally correlated. The analytical results obtained there, valid
unable to make this choice, as the strategies available g the “thermodynamic” limit when the numbers of agents
them lead only to choice 1. The results to be discussed arghq available strategies are large, describe how the phases
averages over the possible distributions of strategies among,nsition between the symmetric and asymmetric phases de-

agents. : . g
. . e pends on the fraction of effective producers, which can be
We study three versions of the model, which differ in theWritten aSp~N]?/N. This number is largep>1, which al-

way the score of the strategies available to the agents are L i "
updated, or in the information processed by the agents. lows us to _exp?”d the |mpl|c_|t expression for the critical
(i) The standard minority game, as defined[i. Each value ofp given in the Appendix irf8]. We find that, at the

agent updates the score of the strategies available to it afansition,

cording to whether the predicted outcome was successful N
(one point is added to the scomr unsuccessfulzero points Nf ~ T (1)
are addeyl 2m2\m

(ii) The individual minority game, as defined [ii]. The ) .
input used by each agent in order to decide the outcom@hen the number of strategies per agenss2. When the
predicted by a given strategy is the succession of events thgtmber of fixed age.ntBI.f>N* , the game is in the ergodic
it has experienced. A givefindividua)) history thus corre- Phase. The expression in Ed) ceases to be valid when the
sponds to the series of choices made by the agent. assumptiorp>1 fails, that is, forNf </N.

(iii ) The minority game where agents discount the impact WhenN{=0 ands=2, there is a phase transition fbr
of the strategy which they have used on the global result=N*~2"/0.3374. Results for different quantities and for
[2,6,8). In order to take the impact into account, the score ofthe three versions of the minority game described in the pre-
the strategies is updated considering what would have hapious section are shown in Fig. 1. The number of agents is
pened if the agent had taken the opposite decision, and rd001. All quantities displayed have been calculated by aver-
wards the strategy used. For that purpose, we follow th@ging over 100 series of 30@™ time steps, after the system
linear payoff introduced in Ref2], which considers an in- has achieved a stationary state, each series corresponding to
crease in the score of each strategyf agenti in timet of  a different initial distribution of strategies among the active
A=—ag()A(t)/P+ 78551 /P; as; is the prediction of agents.

strategys (in terms of{ —1,1}), A(t)=N,(t) — N(t), and7 In the ergodic phase the discoup.t of _the market i_mpa(;t
is the reward for the strategy played. In the following we usec®aS€s to be relevant, and the volatility displayed in Fig. 1 is
n=0.5. the same for case$) and (iii) defined in the previous sec-

In all three cases, the total number of agents, ishich is tion. The valueNt at which this transition takes place is well

taken to be an odd number. Then the number of winner§léscribed by Eq(1). Similar results are obtained for other
cannot exceed—1)/2. The fixed agents can also be on theValues of the number of strategies assigned to each agent, as
winning side, and the same bound also applies to the winne@own in Fig. 2. The transition is shifted towarq hlgher val-
among the active agents. In all three cases, the distribution ¢feS 0fNs as we increase the number of strategiesailable
strategies among the active agents is completely randont® €ach agent, and the tendency for the agents to overreact to
with no particular correlation among the strategies at the disth€ information provided by the fixed agents in the standard
posal of each agent. The initial score of the strategies is set #¢rsion of the game and in the nonergodic phase is more
zero, and thus the strategies assigned to each agent arPronouncedsee(No) in Figs. 1and 2~
equally good. The fluctuations in the size of the minority group are re-
As mentioned in the Introduction, the existence Mf duced by the presence o_f fixed agents, in qualitative agree-
players which always make the same choice is equivalent tg'ent with [15]. The fraction of winners among the active
a minority game with no fixed players, but where the “com- 29ents is constant, within our numerical accuracy, in the non-
fort” threshold has been shifted. We can assume that ther8godic phase, and then it increases significantly as one en-
are onlyN—N; agents, but that the winning outcome is 0 ters the ergodic phase. The increase is also in agreement with

when the number of agents that make that choice is less thdhe results in[15], where the efficiency of the game was
N/2, which, in this case, is greater than one-half of the numincreased with a biased pool of strategies. The initial plateau
ber of agents. of the fraction of winners among the active players also

agrees qualitatively with the slow rise found[ib5].
Il. RESULTS The transition from the nonergodisymmetrig phase to
the ergodic(asymmetri¢ phase, as function of the memory
of the agentsm, is shown in Fig. 3. For comparison, we also
The analytical study of the minority gani2] allows usto ~ show the transition line obtained using the analytical calcu-
determine the existence and location of the transition belation in[8].

A. The phase transition
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FIG. 1. Results for different quantities in the three versions of FIG. 2. As in Fig. 1, but fos=4. Note the different scale used
the minority game discussed in the text, as functions of the numbefor the vertical axes.
of agents which make the fixed choice 1. The total number of agents
is 1001. The number of strategies per agers=i2. Right column: ~ Ny=N/2 in the nonergodic phase, when the number of fixed
m=2. Left column:m=4. Stars: standard minority game. Squares: agents is not zer¢see Fig. 6 beloy This choice makes the
Individual minority game. Solid circles: Minority game where the gutcome highly unfavorable for the collective of active
impact of the strategy used is taken into account. Top: averagggents as the number of agents which can win cannot exceed
number of agents which make choice 0. Middle: average number ofj/2.
winners. Bottom: dispersion in the value of the number of agents  The penefits of the collective in the nonergodic phase in-
which make choice 0. crease greatly when the agents are able to discount the im-

pact of the strategies on the outcome, or use their own indi-

When the number of fixed agents is sufficiently large, the,;q, 5| histories. Note that when agents discount the impact
number of winners is equal to the number of agents which

make choice 0, that is, which avoid the group chosen by the — ; cee ; e
fixed agents. In addition, the dynamics converges to a sta
tionary state where all agents which have the appropriate
strategies available make choice 0. There is only one history r ]
describing the winning choice in this regime,
...000®. ... Onaverage, there is a fraction 2 of active
agents which cannot make use of the winning strategies o.4 |- =
...000®...—0. Thus, the average number of active
agents which make the correct choice, ONig=(1-2"™)
X(N—Ny). This situation is stable if th&l, agents are in- & | _
deed in the minority group, that is, Ng<<N/2, which im- =

plies r ]
om-1_4 0.2 —
N¢>——N. 2 | |
>y @

This inequality gives the threshold for the trivial dynamics | 1
when the number of fixed agents is sufficiently large, deep r o 7

into the ergodic phasgl7]. T I RS B A S B S SR B T i

0 50 100 150 200 250

p=gm

B. The nonergodic phase: “Overscreening” effects
FIG. 3. Transition between the ergodic and the nonergodic

*Ir?sid(.a the ponergodic phade;<Nf , where the va!ue of  phases as a function of the agents’ memonands=2. Circles:
Nf is given in Eq.(1), the number of agents making the numerical results. Full lineN;/N=1/\/7P, using the analysis in
opposite choice of that of the fixed agentk,, is such that [8,14].
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1000 \ | - | ‘ | - - TABLE |. Histories and strategies that lead to the cycle shown
in Fig. 4.
. T
T gy A4 History Strategy with the Winning choice
800 |||| ’l|' Iy rl“ I .
ol ’ ' highest score
TSI 9
|
RIRRRR REE 11 110 1
o O it B E 11 tie 0
i 10 tie 0
. AL L 00 ti 0
= 500» ‘I\W|V’{/J'H/\J”’V|LV,_ 00 OO.—>O 1
! . 01 tie 0
400 7 10 10-0 1
)l 01 01-0 1
300 i
200 T
For the casem=2 the typical cycle spans eight time
100 . steps, where the winning choice follows the series
. . | | 1 ...1110000. ... We carunderstand this cycle by assum-
%0 o e e w0 1o  ing that there are two strategies with the highest score being

t used by the agents. These strategies are mutually opposite.

FIG. 4. Number of agents which make choicétle opposite to ~ They can be considered as representative of broad classes of
that made by the fixed ageitas a function of time, for a given Strategies with similar outcom¢§21]. We further assume that
initial distribution of strategies, and different number of strategies,the score of these strategies can either differ by one(tret
s, per agent. The total number of agentdis 1001, the memory is minimum amount or be equal, in which case the strategy
m=2, and the number of fixed agents Ns=50. Solid line:s  used is decided by a coin toss. Thén,at the beginning of
=2. Broken line:s=6. the cycle the history processed by the agents is 11. We as-

sume that the strategy with the highest score predicts 11

of the strategies, the score of a given strategy is not the samg 0+ The majority of active agents follows this strategy so
for all agents, making the situation somewhat similar to thatat the winning choice is 1. The score of this strategy and
in the individual minority game. In both variations of the that of its opposite, 11 becqmes equalii) The history
standard minority game the number of winning ageNtg, processed b_y _the agents remains 11. The active agents take a
is about half the number of active agenft,~(N— N;)/2 random decision, and the majority group is determined by
This is below the maximum number of possible \f/vinﬁers the fixed agents. The winning choice is 0, and the strategy
which is N/2, provided thai;<N/2 P 11— 0 becomes again the one with the highest sdiii¢ We

L] f .

The most striking result is that, in the standard version of OW assume that the strategies predicting the two opposite

outcomes after the history 10 have equal score. The active

the minority game, the number of active agents which mak%gents make a random decision, and the outcome is deter-

choice 0 is larger than its optimal value in the nonergodlcmined by the choice of the fixed agents. The winning choice

phase. This choice is the opposite of the choice made by th.% 0, and the scores are updated accordirgly.We assume

fixed agents. Thus, the active agents perceive the eXISten%%ain that the strategies 800 and 06-1 have the same

of the fixed agents, but there is a herding effect which ""Score. The winning choice is 0, and the scores are updated.

duces them to make the opposite choice in numbers abov . . )
the appropriate comfort level. In the language of a randon‘ffl) The active agents use the history 00 and take choice 0.

; ; p " he winning choice becomes 1, and the two strategies 00
spin model[18], the active agents “overscreen” the external : X )
field induced by the fixed agents. —0 and 06~ 1 have again the same scofei) The history

is 01. If the strategies predicting the two possible outcomes
) ) have the same score, the winning choice will bévil) The
C. The nonergodic phase: Dynamics history now is 10. The strategy with the highest score is 10

We have analyzed the “overscreening” of the information — 0, as fixed in stefiii ). The winning choice is 1(viii) The
provided by the fixed agents in the standard minority gamenistory is 01. The strategy with the highest score is-(,
by studying individual time series in the nonergodic phaseas fixed in stefdvi). The winning choice is 1, and the cycle
Results are shown in Fig. 4, for a memory of two time stepsrepeats itself. This succession of events is schematically
m=2, ands=2 ands=6 strategies per active agent. The shown in Table I.
time series show well defined cycles with periodicity greater The influence of the fixed agents is to determine the out-
than the time horizon available to the agents, who are unableome in cases where two strategies which lead to opposite
to make use of this information, as in the standard minoritychoices have the same score. The existence of these situa-
game without fixed agenfd9]. These cycles are sometimes tions in the standard minority game leads to a rich structure
interrupted by strong deviations whes=6. The origin of in the size of the groupg22], and to Gaussian fluctuations
these spikes is unclear, although it is consistent with the eraround the average values, due to the randomness in the
hancement of herding effects as the values afcreases. outcomes. This randomness disappears in the presence of
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fixed agents. When two opposite strategies have the sam A s A S s R I T M I
score, around half of the active agents make one choice an 4, [ e I I E
the other half makes the opposite choice. The existence o E 1 1 ]
fixed agents determines the majority group, which is that o.03| + +
chosen by the fixed agents. Then, the active agents have r I I
strong bias toward the opposite group the next time that the %% | T
same history presents itself. This tendency leads to the over E I

. N . . N 0.01 - . _:'_ r
screening of the information provided by the fixed agents. If r T T V\J :
the number of time steps in the history processed by the W "3| ad '3| o \M Il
agents ism, the cycle is usually of 2*1 steps. These cycles £ — [FHTHHrmremiepms e tn s

appear in the nonergodic phase, where a majority of active
agents are able to distinguish the “best” strategies. The ten- . I I
dency toward overscreening increases with the nurshmdr 003 | I I
strategies available to the agents. C I T

The information available to the agents in the series in 00z - + T
Fig. 4 vanishes because the outcome after a given history i i 1 1

008 T

P I OO e AN
I O R B B e o
| .

totally unpredictable. Then, as we are using a binary payoff, *°' [ T /\AA 3 [\ﬂ‘ T M E
the difference between the scores of thetrategies of each of T I 1 ]
agent averages to zero. This can be seen in Fig. 6 below e
where we show how [ 6%=(1/2")3 ((2¢—1)|w)?; o is N,

the minority grqup in e_aCh time St]?pNhiCh,ind,icateS that FIG. 5. Distribution P(Ny) for the minority game with two
the amount of information on the time series is zero in thegyategies per agent. The results are averaged over 100 initial distri-

nonergodic phase. butions of strategies. The total number of agentds1001. N; is
the number of fixed agents. Top: linear payoff. Left=2 andN;
D. Influence of the payoff function =0. Center leftm=4 and N;=0. Center rightm=2 and N

It is interesting to study the changes in the nonergodic_ 89 Right: m=4 andN;=60. Bottom: binary payoff. Leftm
phase when the payoff function used in updating the score OaTnzd znilgé— gi Ete,rr:irie;tﬂ,;ias%dl\lf_o' Center rightm=2
the strategies is proportional to the deviation from the opti- f - rght f '
mal occupancy, instead of a step function, as commonly used ) . ) .

when analytical methods are applied to the minority gamé&Vents, as in the minority game without bigi0]. In the

[2]. In this case, the condition that there is no information€'90dic phase, however, the information provided by the
available to the agents implies that the average payoff fofixed agents becomes relevant, and there is a dlfferenc_e be-
each strategy is zero. In order for this to happéNo) tween the actual game and that generated by a succession of
=N/2 should be satisfied. Hence, the tendency toward ovef@ndom events. o .
screening in the ergodic phase described above does not lead | 1€ €ycles shown in Fig. 4 are due to the sequential sub-
to deviations of(Ny) from its “natural” value. There is, stitution of the strategy with the highest score by its opposite.
however, a significant asymmetry in the distribut@eN,), Hence, a random succession of histories can give rise to th_e
as shown in Fig. 5. There is a range of valuedlgfnearN/2 same overscreening. Thus, the_ fe?“'ts in the noner.godlc
for which P(N,) is biased toward\y,>N/2, as in the minor- phase do not change when the histories are random variables,

it ith a bi f This effect i t s shown in Fig. 6. The situation changes in the ergodic
Itr)llegﬁ\rcgr:g azy?r;rrlr?gr)r/)ag;(No) f/hee neaoligo?rpEZiaNed byShase. When the histories processed by the agents are ran-

Note that, for the standard situation with no fixed agents, théj?m bﬁt tthetwmnlr?l? (;:hou:e(zj IS clonstar?t n tfl:ne,_to, thf _scog
distribution P(Ny) is significantly different from that in the ©' ach strategy will depend only on how often it contains *
minority game with a binary payof22] as an output. If the number of strategies at play is small, in

the ergodic phase, the strategies with the highest score will
contain a significant number of 1's as outputs. Then the
agents will become frozen, and make, with similar probabil-
We have studied the changes induced by replacing thiy, the two possible choices. This explains the results in the
actual histories by random variables in the standard versiofirst row and right columnghigh values ofm) in Fig. 6,
of the minority game, as initially discussed [ib0]. The re-  where about half of the active agents make the right choice,
sults are shown in Fig. 6. We plot there a number of statisO, and the other half choose 1, when the histories are ran-
tical averages which serve to characterize the minority gamejom. As shown in the third row, most agents in this regime
like the fraction of “frozen agents,” which although in prin- are frozen and the information in the dynamically generated
ciple active settle to use only one strategy at long tings, histories is maximaJ2] (fourth row in Fig. . This situation,
and the information stored in the history of the gai#g 62, where a significant number of active agents become frozen,
which is the bias toward one of the two outcomes of theis more difficult to achieve when the histories are dynami-
game when a given history appears on the time sg2iglsin  cally generated by the agents themselves.
the nonergodic phase, the agents are not able to distinguish Finally, while the dynamics of the standard minority game
between the actual histories and a succession of randoin the nonergodic phase imply frequent situations where

E. Random versus actual histories
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far from the optimal value. Assuming that there Aragents,

of which N¢ always make the same choice, 1, we find that
the average of the number of active agents which make the
choice 0 is(Ng)>N/2, while the optimal value igNg)
~N/2.

(i) The overscreening of the external information can be
understood through the existence of cycles longer than the
amount of time steps which the agents are able to process.
The presence of the fixed agents determines the outcome of
the situations when opposite strategies have the same score.
This, in turn, leads to a strong bias of the active agents to-
ward the group not chosen by the fixed agents. This bias
proves catastrophic for the global benefit of the active
agents.

(iii) The gain made by the collective of active agents in
the nonergodic phase is significantly improved when the
agents use individual information, or are able to discount the
effect of their own choices on the global outcome. The dis-
persion in the number of agents in the minority group is
greatly reduced. The average number of winnBks, how-

FIG. 6. Comparison of results for the standard minority gameever' fluctuates around half the number of active agents,

with fixed agents obtained with the histories generated by the dy(NW>~('\_I_ N)/2, while the maximum number of possible
namics of the gamécrossesand random historiegsquares First ~ WINNErs isN/2, for Ny<<N/2.

row: Average number of agents which make the choice opposite to (Iv) The results for the nonergodic phase are qualitatively
that of the fixed agentéN,). Second row: dispersion iN,. Third ~ the same when agents use individual information, and for the

row: fraction of frozen agents. Fourth row: information stored in thecase where agents discount the effect of their strategies on
dynamics(see[2]). The number of fixed agentbl;, is represented the outcome. This is probably due to the fact that, in both
in the horizontal axes. The number of strategies available to theases, the score assigned to a given strategy is different for
agents iss=2. Different columns correspond to different history different agents.
lengths,m=2,4,6,8,10. The results are calculated for a totaNof These features imply that the existence of an external bias
=1001 agents, averaged over 100 initial distributions of strategietn the nonergodic phase of different versions of the minority
and 300<2™ time steps. game significantly reduces the global benefit of the agents
with respect to the maximum possible value, which increases
agents make choices using a coin tésse Table), the ac-  as external information is fed into the system.
tual outcome of the game is fixed. Hence, we do not expect The situation where the agents achieve the highest collec-
that this nondeterministic aspect of the dynamics will play ative payoff, with respect to the maximum payoff which can
significant role[23]. be achieved takes place when the number of fixed agents
vanishes. This fact is not contradictory with an increase in
IV. CONCLUSIONS the efficiency of the game in absolute terfis], as the
opportunities for a given active agent are significantly in-
We have studied the minority game when a giVen numbebreased by the presence of ﬁxed agents_
of agents always make the same choice. Hence, from the On the other hand, the predictability of the outcome, in
point of view of the remaining, active, agents, the predictablehe nonergodic phase, is zero, as any outcome is possible
behavior of the fixed agents can be considered a source @fter a given history14], despite the fact that the agents fail
external information. We have analyzed the standard versiong guess the correct “comfort” threshold.
the variant where agents use individual information, and that \\/e have not considered here the influence of varying the
in which agents are able to discount the effect of their actionﬁ]itia| scores of the StrategieS, which is expected to Change
on the outcome. the volatility in the nonergodic pha$é,11]. The fact that the
The system shows a variety of interesting results in theyctive agents are unable to remove the external information

nonergodic phase, where the ability of the agents to procesg the ergodic phase is in agreement with the resulfd4).
the information available to them is highest.

(i) In the standard minority game, the active agents tend
to overscreen the information provided by the fixed agents, ACKNOWLEDGMENTS
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